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We investigate the black hole solutions in the J? 2 -gravity, where the action contains the square of the curvature. 
In case that the action does not contain the square of the Riemann tensor and in case that the R 2 -terms are the 
Gauss-Bonnet (GB) combination, we find exact solutions. We investigate the thermodynamics of these theories and 
find the Hawking-Page like phase transition, which is the phase transition between the black hole (BH) spacetime 
and the pure anti-deSitter (AdS) spacetime. From the viewpoint of the AdS/CFT correspondence, such a phase 
transition may correspond to thermal transition of dual CFT. 

An interesting feature of R 2 -gravity is the possibility of the negative (or zero) dS (or AdS) BH entropy, which 
depends on the parameters of the J? 2 -terms. We speculate that the appearence of negative entropy may indicate a 
new type instability where a transition between dS (AdS) BH with negative entropy and AdS (dS) BH with positive 
entropy occurs. 

We also apply the GB gravity to the brane cosmology, where the brane moves in the bulk AdS BH spacetime. By 
investigating the FRW-like equation, which describes the motion of the brane, we find the behavior of the matter 
on the brane. When the radius of the brane is large, the matter fields behave as CFT but when the radius is small, 
the brane universe behaves as the universe with dust or curvature dominant universe, depending on the parameters. 



1. Introduction 

The Einstein-Hilbert action includes only scalar curva- 
ture 
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Here Setter is the action of matter fields. On the other 
hand the action of R 2 -gravity includes the square of the 
curvatures 
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One of the reasons why we consider the R 2 -gravity is 
because the limit of a' — > limit in string theory corre- 
sponds the Einstein gravity but if we include the first or- 
der correction with respect to a' , we obtain R 2 -gravity. 
From the viewpoint of the AdS/CFT correspondence [1] 
(or recent dS/CFT correspondence [2, 3, 4]), a' correc- 
tion corresponds to 1/N corrections in the field theory 
side. The equations of motion of the R 2 -gravity, which 
correspond to the Einstein equation has the following 
form: 
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Here T pv is energy-momentum tensor of matter: T^ v — 
-j= <5 '^™ attcr • The above equation (3) is very compli- 
cated but there are several solvable cases. One is c = 
case, where the Riemann tensor R vpp , a does not appear 
in the equation of motion, then the solutions can be 
constructed from the solutions of the Einstein equation. 
The other is the Gauss-Bonnet (GB) invariant combi- 
nation (a = c, b = —4c) case. Of course, the GB term 
is trivial (topological) in 4 dimensions but non-trivial 
when the dimensions of the spacetime are more than 4. 

We find the black hole (BH) solutions for the c = 
case in Section 2. and for the Gauss-Bonnet combina- 
tion case in Section 3.. By using the obtained solution, 
we investigate the thermodynamics of the R 2 -gravity 
in Section 4. and we find the Hawking-Page like phase 
transition, which is the phase transition between the 
black hole spacetime and the pure AdS spacetime. From 
the viewpoint of the AdS/CFT correspondence, such a 
phase transition may be that of the field theory when 
we include 1/N corrections. An interesting feature of 
higher derivative gravity is the possibility of the nega- 
tive (or zero) dS (or AdS) BH entropy which depends on 
the parameters of higher derivative terms. In Section 5., 
we investigate the problem of the negative entropy and 
we speculate that the appearence of negative entropy 
may indicate a new type instability where a transition 
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between dS (AdS) BH with negative entropy and AdS 
(dS) BH with positive entropy occurs. In Section 5., 
we apply the GB gravity to the branc cosmology, where 
the brane moves in the bulk AdS black hole spacetime. 
By investigating the FRW-likc equation, which describes 
the motion of the brane, we find the behavior of the mat- 
ter fields on the brane. When the radius of the brane is 
large, the matter fields behave as CFT but when the ra- 
dius is small, the brane universe behaves as the universe 
with dust or curvature dominant universe, depending 
on the parameters. The last section is devoted to the 
summary. 

This report is mainly based on [5, 6, 7, 8, 9, 13, 14]. 

2. Solutions of c = case 

We first consider the solutions of c = case. The D = 
d + 1 dimensional Einstein equation without matter is, 
of course, given by 

(4) 
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Then by multiplying g pv , we find the scalar curvature 
is constant ^-R = ^-k 2 A and the Ricci tensor is pro- 
portional to the metric R pv = 2 (d-i) ^^9^ an d there- 
fore covariantly constant V P R^ V due to the condition 
of the metricity Vpg M „ = . We now apply this results 
to the R 2 -gravity with c = . 
By assuming 
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and substituting these expressions of the curvatures to 
Eq.(3) with c = 0, we obtain 
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from which I 2 can be determined. Then if we choose 
W = ~ 2(d-i) ft2 ^ m tnc Einstein equation (4), we can 
construct a solution of R 2 -gravity (with c = 0) from 
the solution of the vacuum Einstein equation. 

3. Solutions in the Gauss-Bonnet 
combination case 

In this section, we consider the solutions in the Gauss- 
Bonnet combination. 

By using Bianchi identity 
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By using the above equations (8), we can rewrite the 
equations of motion (3) as follows: 
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When the coefficients a , b , c are Gauss-Bonnet combi- 
nation: a~c and b = —4c, one finds 

= j c {R 2 - AR pu R pv + R^R^) 
+ ^R - A J + c (-2RR pv + AR p p R yp 
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Since the above equation does not contain the derivative 
of the curvarutre, the equation contains only second or- 
der derivative of the metric tensor. As a classical theory, 
if we impose the initial conditions for metric tesor and 
its first derivative with respect to time, the metric tensor 
can be determined uniquely. 

We now find a solution. We now assume the metric 
in the following form: 

d-l 

ds 2 = ~e 2 ^dt 2 + c 2X ^dr 2 + r 2 Y, 9^dx l dx^ .(11) 

»,j=i 

Here gij : the metric tensor of the Einstein manifold 
defined by Rij = kgij . Here Rij is the Ricci tensor 
given by gij and k is a constant. For example, k — 
d—2 corresponds to the d— 1 -dimensional unit sphere, 
k = — (d— 2) to d — 1 -dimensional unit hyperboloid and 
k = to a flat surface. 

We consider the electromagnetic fields as a matter: 

^matter = ~J d d+l X^ 9 P » 9 P ° F pp F ua , (12) 

Fp,v = d„A v - 3 V A P . (13) 
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Here is a vector potential (gauge field) and g is the 
gauge coupling. If F tr = —F rt only depend on r and 
the other components of F^ v vanish, one finds 



F tr = e I/ + A r 1 " d Q 



(14) 



Here Q is a constant corresponding to the electric 
charge. Then the solution, which was first found in 
[10], appears 
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The radius r — rn of the event horizon, where c 2l/ = 



or e 
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, is given by 
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The Haking temperature Th is also given by 
A*T H = (c 2 ")' 
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Especially for d = 4 , we have 
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When r is large, the obtained solution behaves as 
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We compare the above behavior with the Reissner- 
Nordstr0m-AdS solution in the Einstein gravity: 



2^RNAdS „-2A RN AdS 



e " lN " Q = = e 
and we find 
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that is 
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4. Hawking-Page phase transition in 
R 2 -gravity 

Since the black hole has temperature, one can consider 
the thermodynamics of the spacetime. The theory with 
finite temperature for an action S((j>) is given by Wick- 
rotating the time coordinate (t — > it) and imposing the 
periodic boundary condition for t with the period 0: 
Z((3) = f[d(t>]e s W. The period /3 can be regarded as 
the inverse of the temperature T: (3 — — ^ . Here ks 
is the Boltzmann constant and we put fee = 1 in the 
following. Then Z(J5) can be regarded as the thermo- 
dynamical partition function. In the WKB approxima- 
tion, by substituting the classical solution = (f> c \ ass 
into the action, we obtain the free energy F by F — 
—Tin Z(P) = —TS (0ciass) • In the following, we concen- 
trate on the D = d + 1 = 5 dimensional asymptotically 
AdS spacetime. 

Before going to the R 2 -gravity, we consider the case 
of Einstein gravity without matter. When the spacetime 
metric is given by 

3 

ds 2 = ~e 2v{r) dt 2 +c- 2u{r) dr 2 +r 2 ^ ~g l0 dx l dx 3 ,(23) 



we find 
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A = - 
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Then ^Einstein diverges. The regularization of the di- 
vergence is given by cutting off the integral at a large 
radius r = r max and subtracting the solution of pure 
but finite temperature AdS: 



8V 3 
Tk 2 1 2 



drr A 
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The factor e Hr=r mBX )-u(r= rta ^=o) is c h 0S en so that the 
proper length of the circle which corresponds to the pe- 
riod (3 — jr^- in the Euclidean time at r = r max coin- 
cides with each other in the two solutions. Especially 
for k — 2 , we find in the limit of r max — > oo 



2'H l-p 



F = -^ri, 1^-1 



(26) 



When ^f- > 1 , the free energy becomes negative: F < 
0, which tells that black hole spacetime is more stable 
than the pure AdS spacetime. That is, large black holes 
are stable but small ones are instable and there is a 

2 

critical point at = 1 , which is the famous Hawking- 
Page phase transition [11]. 

In c = R 2 -gravity case, we find 
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which is similar to that in the Einstein gravity case (26) 
but there is a critical point (surface) at 
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Therefore when £ - ^ - ^ < , small black hole is 
stable. 

In case of the Gauss-Bonnet-Maxwell black hole case, 
we find 



F = -V 3 
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Since we have two independent parameters jj, and Q 2 , 
r H can be independent of T H . Then the critical line, 
where F = , is given by 



<-H 



If T H > T c and r 2 H > 12ck (or, T H < T c and r 2 H < 
12ck), pure anti-de Sitter spacetime is more stable than 
the black hole spacetime. On the other hand, if Th < T c 
and r 2 H > 12ck (or, T H > T c and r 2 H < 12ck), vice 



pure AdS phase 



AdS black hole phase 
*~ rn 



Figure 1 : The phase diagrams when e < . 

versa. In order to simplify the expressions, we (re)define 
the following parameters and the variables: 



CK 



e = 



.., ■ ''/./ • /' // • /// • . 
Then the critical temperature T c is expressed as 

3(l-2e)r H 
c 2n(r 2 H -l2e) ' 

^.Frorn the above expression (32), one gets: 



(31) 



(32) 



• When e < (< |) , T c is always positive. Then 
if T H > T c (T H < T c ) , the pure AdS (black hole) 
spacetime is more stable than black hole (pure 
AdS) spacetime. 



• When < e < 
positive when 



i , the critical temperature T c is 
•jj > 12e and there is a critical line, 
where if T H > T c {T H < T c ) , the pure AdS (black 
hole) spacetime is more stable than the black hole 
(pure AdS) spacetime. When r 2 H < 12e, T c is 
negative, then the black hole spacetime is always 
stable. 

• When e > ^ , if r% > 12e, T c is negative and the 
pure AdS spacetime is more stable than the black 
hole spacetime. If r 2 H < 12e, T c is positive and 
if T H > T c (T H < T c ) , the black hole (pure AdS) 
spacetime is more stable than the pure AdS (black 
hole) spacetime. 

The conceptual (not-exact) Hawking-Page phase dia- 
grams are given by Figures 1, 2 and 3. 



5. Negative Entropy? 

In this section, based on the entropy, we investigate the 
relation between Schwarzschild-dc Sitter black hole and 
Schwarzschild- anti de Sitter black hole. 
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AdS b ack hole phase 
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Figure 2: The phase diagrams when < e < \ 
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ire AdS phase 







• H 



12e 



Figure 3: The phase diagrams when e > \ . 



In the spacetime with black hole, we put a boundary, 
which is a surface with constant r . On the boundary, 
one takes an action, which makes the variational prin- 
ciple well-defined (like Gibbons-Hawking term) and fur- 
ther makes the total action finite. Then we can define 
an energy-momentum tensor on the boundary and we 
can determine the mass M ( d = 4 ) : 



E 



M 
16 



1 40a 86 4c 



(33) 



M is thermodynamical energy _E [12]. 

By using the thermodynamical relation dS = 4^- , 
c = case, one arrives at 



r dE _ 
J Th ~ 



V 3 Trr 3 H ( 8 320a 646 



So -(34) 



Here So is a constant of the integration. Then there 



/4 , 12T _ 80a+16j) 
1 " r '? J A A 




80a+16j) 
A 

Figure 4: The behavior of the r.h.s. in (36). 



might appear a natural question, that is, when 
8 320a 



646 n 
^<0, 



(35) 



is entropy negative? Even if So ^ 0, the entropy be- 
comes negative for the large (large Th ) black hole. We 
should note that I 2 (d = 4) is given by solving Eq.(6) 
with d = 4 , which can be rewritten as 







Then if 
36 



Z 4 + 



12Z 2 80a +166 
^A A 



l 2 + 



K 2 A 
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A 
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> 



k 4 A 2 ' A 
there are real solution of I 2 : 
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I 2 



± 



■AC, 



A(80a+ 166) 



(36) 



(37) 



(38) 



80a + 166 
Then from Figure 4, we find 

1. When 80a+166 > and A > 0, or 80a+166 < 
and A < 0, one of the solutions of I 2 is posi- 
tive but another is negative. Then there are two 
kind of solution, one is asymptotically anti-de Sit- 
ter and another is asymptotically de Sitter. 

2. When 80a + 166 > and A < 0, I 2 is always pos- 
itive. Both of two solutions express the asymptot- 
ically anti-de Sitter spacetime. 

3. When 80a + 166 < and A > 0, I 2 < 0. Both 
of two solutions correspond to asymptotically de 
Sitter spacetime. 



The expression of the entropy (34) can be applied 
even for asymptotically de Sitter spacetime by putting 
I 2 = — < 0. By the explicit expression of I 2 via A, 
a , 6 , and n 2 , we obtain 




s = V^r H 



36 

— + A(80a + 166) 



(39) 



If we assume the entropy should be positive, we need to 
choose the lower sign + in ± since the entropy always 
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forbidden region 



80a + 166 

A(80a + 166) + ^| = 




A(80a + 166) + 



forbidden region 



Figure 5: The phase diagram of the spacetime with re- 
spect to the parameters. 



becomes negative if we choose the upper sign — . Even if 
one chooses the lower sign + , the entropy is not always 
positive but it becomes positive when 



20 



+ 



80a + 166 



> . 



k 4 A 2 ' A 
Then we obtain the diagram in Figure 5. 
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In the Gauss-Bonnet case, we obtain 

k 2 



„ 3Z 2 / i i2 c 



16/z 
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and therefore 

1- 12e 
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Here 



l-4e, 

- and the length parameter I 2 is given by 
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Then in order that I 2 is a real number, we have 



cA > 



2k 4 ' 
Then we find 



(43) 



(44) 



1. When cA > 0, there exist two kind of solutions, 
one expresses asymptotically AdS spacetime and 
another expresses the asymptotically dS space- 
time. 

2. When c > and A < 0, both of two solutions 
expresses asymptotically AdS spacetime. 

3. When c < and A > 0, both of solutions corre- 
spond to asymptotically dS spacetime. 



Substituting the expression of I 2 , we obtain 




Anrjj + 2<Aekirr H ) 



+S . 



Therefore when 
cA > 



5 

0^ ' 



(45) 



(46) 



the entropy is always positive for both of solutions cor- 
responding to the ± sign. Especially when cA > 0, 
both of solutions expressing asymptotically AdS and dS 
spacetime. Then we cannot exclude one of the solution 
from the viewpoint of the entropy. 

6. Application to the brane cosmology 

We now consider application of the Gauss-Bonnet grav- 
ity to the brane cosmology. Here we consider Q = 
case for the simplicity. In the bulk black hole spacetime 
in the Gauss-Bonnet gravity, the motion of the brane 
can be described by the Friedmann-like equation. One 
may employ the method developed in Ref.[5, 6, 13] to 
derive the Friedmann equation. Then we obtain 



H 2 = 



where 



n 2 



X{a) 

— 5- = /(<*) , 



(47) 



19 V 1 / 2 

4?? ±i±^{l6 e 2 M 2 (4 e -l) 2 a- 3 } 



j,( 12 *-l) • 



K 2 l 



(48) 



and 



H = 



48 

K 



24 



2 ~F y3/2 



(46 -if 
4k 4 



(^5 (2ep, (4e- l)) 2 eT 
6 9(4e-l) 3 e^ 2 



2*2 



(49) 



X = 
Y = 



± 



I Ad 2 
-2e/2(4e-l) + 



2d 2 

(46 



I) 2 



(50) 



Here we have defined the rescaled parameters: e = -p 2 - 
.2 

and /i = . The standard FRW equations for 4- 
dimensions can be written as 



H = 



8ttG 



k 
2a 2 



(51) 
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Here, ' is the derivative with respect to cosmological 
time. Then p and p are 



" = 8^( /(a) + i 



(52) 



1 



P = - 



8ttG V 2a 2 



+ a/'(a) + 3/(a)), (53) 



where ' denotes the derivative with respect to a . Simi- 
larly, FRW equations from the bulk dS BH can be con- 
structed (see [13]). 

In case of a — > oo , we obtain 



4 f \(12e- l) 2 (2±3(4e- 1))~ 2 



8ttG V ^ 

1 ll^l fi _ - 4K g 

4eZ 2 T 4eZ 2 ^ ^(4e-l)a 4 
/' = -^f|(12e-l) 2 (2±3(4 e -l))- 2 (54) 



8ttG V I 2 



4el 2 



3(4e-l) 1. 



(55) 



When we choose the upper sign of ± and =p, the ex- 
pressions in (54) and (54) are simplified as 



P = 



3 M^g 
87rGPa 4 ' 



P = 



1 A^g 

8ttG Z 2 a 4 



(56) 



Then the energy- momentum tensor is traceless (T^ = 
p — 3p = 0.) and there should be CFT on the branc. 
On the other hand, if we choose the lower signs, we find 
the FRW equations with the cosmological term: 



H 2 = 
H = 



8irG 



-4irG (p + p) + 



k A 

2a 2 + 3 ' 
k 

2a 2 



(57) 



We can divide p and p into the sums of the contribu- 
tions from the matter and those from the cosmological 
term: 



P = Prn + PO , P = Pm - PO , PO = 



A 
8^G 



(58) 



Then we obtain 
3 



Po 



8ttG { I 2 
1 - 2e 



4(12e-l) 2 (5-12e) 2 



2eZ 2 



Pm = - 



3 A«g 
8ttG Z 2 a 4 



1 P K t 

8irG l 2 a± 



(59) 



On the other hand, the energy-momentum tensor T™„ 
of the matter is again traceless, 

T™ M = Pm - 3 Pm = . (60) 
Then the matter field should be CFT again. 



We now consider the limit of a — > when — 2ep(Ae — 
1)>0. 



P = 



-3p 

3 (2k 
8^G \25 



21_/£_ 

25 2d 2 



{-2ep{Ae-l)y' 2 \ a 
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Then the energy-momentum tensor is not traceless. 
Since p, p ~ a -2 , this limit corresponds to the curva- 
ture dominant case. We now rewrite the FRW equation 
in the following form: 



H 2 



8irG 



3 k 



Pr, 



A 



8ttG , k 



8irG2a 2 J 3 
A 



(62) 



Here p and k can be regarded as the effective energy 
density and effective k : 



P = p m - 



3 k 
87rG 2a 2 : 



k = . 



(63) 



When k is large, p behaves as a 2 . 

When -2e/i(4e - 1) < 0, X in (50), W in (49) and 
in (48) become complex at a = , which may tell that 
there is a minimum of a given by Y = : 



When a = a 

P = 



iep 



(4e- 1 
, we have 



(64) 



3 P 

3 f 2fc / 2e/i 



8ttG I 81 \(4e- 1) 
77 
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2\-l 



81 4eZ 2 



eZ 2 } • 



(65) 



Then by dividing them into the contributions from the 
cosmological term and the matter, we find 



Po 



Pm = 



3 77 1 

'^G^lAd 2 ' 
3 2k ( 2ep 



Pm = ~ 



8ttG81 V(4e - 1) 
1 2k ( 2ejl 



8ttG81 V(4e - 1) 



(2« 2 )" ] 



(66) 



As a special case, we can consider the case of e 
1/4. Since 



'<■> = -h 



(67) 



and f(a) = H 2 > 0, we find k < 0. In this case, the 
energy density and the pressure vanish: rho = 0, p = 0. 
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If one put e = 1/4 — S 2 and 6 is small, the energy density 
and the pressure are given by 

P = -3p 

3 4 f 2/ /fc 
^rGT 7 \aJ ^2 

4)" 2 -^}< 2 '')" 2 ^ < 68 » 

Then in the limit of a — > 0, we have |p| 3> |p| and 
p ~ a~ 3 , which corresponds to "dust". On the other 
hand, when a — > oo, we find (if fc > 0) p, p ~ a -2 , 
which tells curvature dominant. When k = — 2 < 0, a 
has a minimum a = I . 

More applications to the cosmology are given in [13, 
14]. Especially the solution describing the bounce uni- 
verse has been found. 

7. Summary 

We have obtained exact solutions in R 2 -gravity when 
the action does not contain the term of the square of 
the Riemann tensor ( c = ) and when the R 2 -terms are 
the Gauss-Bonnet combination with the electromagnetic 
fields. We have also investigated the thermodynamics 
of the R 2 -gravity and we have found that the entropy 
often becomes negative. The application to the branc 
cosmology is interesting and given in [13, 14]. 

Acknowledgement 

This research is supported in part by the Ministry of 
Education, Science, Sports and Culture of Japan under 
the grant number 13135208. The author is especially 
indebted to the discussion with S.D. Odintsov and S. 
Ogushi. He is also very grateful for warm hospitality at 
GRG11 in Tomsk. 

References 

[1] J.M. Maldacena, Adv.Theor.Math.Phys. 2, 231 (1998); 
E. Witten, Adv.Theor.Math.Phys. 2, 253 (1998); S. 
Gubser, I. Klebanov and A. Polyakov, Phys.Lett. B428, 
105 (1998); O. Aharony, S. Gubser, J. Maldacena, H. 
Ooguri and Y. Oz, Phys. Kept. 323 183, (2000), hep- 
th/9905111. 

[2] A. Strominger, hep-th/0106113; M. Spardlin, A. Stro- 
minger and A. Volovich, hep-th/0110007; 

[3] CM. Hull, JHEP 9807, 021 (1998), hep-th/9806146. 

[4] S. Nojiri and S.D. Odintsov, Phys.Lett. B521, 87 (2001) 
87, hcp-th/0109122. 

[5] S. Nojiri, S.D. Odintsov and S. Ogushi, Int.J.Mod.Phys. 
A16, 5085 (2001), hep-th/0105117. 

[6] S. Nojiri, S.D. Odintsov and S. Ogushi, Phys. Rev. D65 
023521, (2002), hep-th/0108172. 

[7] M. Cvetic, S. Nojiri and S.D. Odintsov, Nucl.Phys. 
B628, 295 (2002), hcp-th/0112045. 



[8] S. Nojiri and S.D. Odintsov, gr-qc/0112066, to appear in 
the Proceedings of the "1st Mexican Meeting on Math- 
ematical and Experimental Physics" , held at El Colegio 
National, 10-14 September, 2001. 

[9] S. Nojiri and S.D. Odintsov, Phys.Rev. D66, 044012 
(2002), hep-th/0204112. 

[10] D.L. Wiltshire, Phys.Lett. B169, 36 (1986). 

[11] S.W. Hawking and D.N. Page, Comm. Math. Phys.87, 
577 (1983). 

[12] V. Balasubramanian and P. Kraus, Com. Math. Phys., 
413 208 (2000); 

V. Balasubramanian, J. de Boer and D. Minic, hep- 
th/0110108. 

[13] James E. Lidsey, Shin'ichi Nojiri and Sergei D. 
Odintsov, JHEP 06, 026 (2002), hep-th/0202198. 

[14] Shin'ichi Nojiri, Sergei D. Odintsov and Sachiko Ogushi, 
hep-th/0205187, to appear in Int.J.Mod.Phys. A. 



